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Base-sortable Matroids and Koszulness of Semigroup Rings
STEFAN BLUM
Motivated by a question in commutative algebra and inspired by the work of Sturmfels, we intro-
duce the class of base-sortable matroids and show that it is closed under several matroid operations.
All matroids of rank 2 are base-sortable and we give a characterization of base-sortability by ex-
cluded minors in the case of graphic matroids and rank 3 matroids. Transversal matroids with certain
presentations are also base-sortable.
For a base-sortable matroid M , the basis monomial ring RM is shown to be Koszul, by proving
that the toric ideal of this ring has a quadratic Gro¨bner basis. Extending the concept of combinatorial
pure subrings considered by Herzog, Hibi and Ohsugi we define the matroid operations deletion,
contraction and duality for homogeneous semigroup rings with square-free monomial generators,
and observe that Koszulness is preserved under these operations.
c© 2001 Academic Press
1. INTRODUCTION
A matroid M on [d] = {1, . . . , d} is a pair ([d], I), where I is a pure simplicial complex on
[d] whose maximal faces, called bases of M , satisfy the basis exchange axiom (see Section 2
for a rough survey). For a detailed introduction to matroid theory we refer to [9]. Let B =
{B1, . . . , Bn} be the collection of bases of a matroid M on [d]. Inside the polynomial ring
K [t1, . . . , td ] over a field K , we consider the semigroup ring RM ⊂ K [t1, . . . , td ] which is
generated by the n square-free monomials whose support is a basis of M . This subring RM is
called the basis monomial ring of M and was introduced in 1977 by N. White, who showed
that, for every matroid, the ring RM is normal and thus Cohen–Macaulay (see [11]).
Recall that a K -algebra R is called standard graded if R = S/I , where S = K [x1, . . . , xn]
is a polynomial ring with grading deg(xi ) = 1 and I ⊂ S is a homogeneous ideal. Let
m = (x1+ I, . . . , xn+ I ) be the graded maximal ideal of R. Then the residue field K ∼= R/m
is a finitely generated, graded R-module. The algebra R is said to be Koszul provided the
graded minimal free R-resolution of K is linear. In other words, the entries of the maps which
appear in the graded minimal free R-resolution of K are either zero or linear forms. Refer
to [4] for a survey on Koszul algebras.
Let SB = K [xB1 , . . . , xBn ] be the polynomial ring in indeterminates indexed by the bases
of M and
ϕ : SB→ RM
xBi 7→
∏
j∈Bi
t j
be a presentation of RM with IM = kerϕ. Then RM = SB/IM has the structure of a
standard graded K -algebra. Motivated by the question of whether RM is Koszul, we intro-
duce the notion of sortability for a system V = {V1, . . . , Vn} of subsets of the ground set
[d] which have the same cardinality. In Section 2 we give the definition of sortability and
generalize matroid operations such as deletion, contraction, duality and parallel extension
(see Section 2 for the definitions) to such systems V . Let RV = K [m1, . . . ,mn] be the
homogeneous semigroup ring, where mi is the square-free monomial in K [t1, . . . , td ] with
supp(mi ) = Vi for i = 1, . . . , n. For semigroup rings of the form RV the generalized matroid
operations on the generators extend the concept of combinatorial pure subrings introduced
by Herzog et al. in [7].
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A sufficient condition for an algebra to be Koszul is that the presentation ideal has a
quadratic Gro¨bner basis. We use the result of Sturmfels (see [10, Theorem 13.4]) that the
toric ideal of RUr,d has a square-free quadratic Gro¨bner basis G with respect to a certain term
order, where Ur,d denotes a uniform matroid of rank r . If V is a sortable system of r -element
subsets of [d], then the ring RV is a consistent K -subalgebra of RUr,d (see Definition 3.4),
thus a subset of G forms a Gro¨bner basis for the toric ideal of RV . In particular, RV is Koszul.
Moreover, we show that the generalized matroid operations defined in the first section pre-
serve sortability.
In Sections 4 and 5 we study matroids for which the collection B of bases is a sortable sys-
tem of the ground set [d]. We call such a matroid base-sortable. The results shown in Section 3
imply that the class BS of base-sortable matroids is closed under the generalized matroid op-
erations of taking minors, direct sum of matroids, and parallel and series extensions. In the
fourth section we observe that every matroid of rank 2 is base-sortable and characterize all
base-sortable rank 3 matroids with an infinite list of excluded deletions.
In Section 5 we study two classes of base-sortable matroids. We show that a graphic matroid
M is base-sortable if and only if it is the direct sum of parallel-series networks (see Section 5
for the definitions). This is equivalent to saying, that M has no minor isomorphic to M(K4)
and U2,4, where M(K4) is the graphic matroid of the complete graph K4 on four vertices.
Let Cd denote the regular d-gon in the plane whose vertices are labeled clockwise from 1
to d. We prove that a transversal matroid M on [d] is base-sortable if M has a presentation
A = (A1, . . . , Ar ) such that every set Ai labels a consecutive set of vertices of Cd .
In Section 6 we give some concluding remarks on the results and problems discussed in the
preceding sections.
The author thanks Victor Reiner for several inspiring discussions on the subject and the
School of Mathematics, University of Minnesota, for the warm hospitality during the time
where a part of this article has been written.
2. NOTATION AND DEFINITIONS
We begin by describing the setting. Let 3 be a finitely generated subsemigroup of Nd and
E = {λ1, . . . , λn} a minimal system of generators for 3. We consider the semigroup ring
R = K [3] where K denotes a field. The toric ideal I3 is the kernel of the homomorphism
ϕ : K [x1, . . . , xn] → R ⊂ K [t1, . . . , td ]
xi 7→ tλi .
It is a well-known fact that R ∼= K [x1, . . . , xn]/I3 has the structure of a homogeneous
K -algebra with standard grading deg(xi + I3) = 1 if the semigroup generators lie on an
affine hyperplane of Nd . Moreover, the toric ideal I3 is generated by all binomials of the form
u − u′ ∈ K [x1, . . . , xn] such that ϕ(u) = ϕ(u′).
In this article we always consider homogeneous semigroup rings of a specific form. Let
V = {V1, . . . , Vn} be a collection of subsets of [d] such that |Vi | = r for all i = 1, . . . , n.
Then
RV = K [m1, . . . ,mn]
denotes the semigroup ring generated by the n square-free monomials of degree r in
K [t1, . . . , td ] with supp(mi ) = Vi for i = 1, . . . , n. The ring RV has a presentation
SV = K [xV1 , . . . , xVn ] → RV
xVi 7→ mi
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where SV denotes the polynomial ring in the variables indexed by the sets in V . To simplify
notation we identify a set Vi = {i1, . . . , ir } ⊂ [d], i1 < i2 · · · < ir , with the ordered tuple
Vi = (i1, . . . , ir ) in Nr . We may always assume that V1 >lex V2 >lex · · · >lex Vn where >lex
is the lexicographic order on Nr .
LetM be the set of monomials in SV . For every u ∈M, deg(u) = k and u = xVi1 . . . xVik ,
we order the indeterminates so that i1 ≤ i2 ≤ · · · ≤ ik is satisfied. We associate a k×r matrix
A(u) = [Vi1 , Vi2 , . . . , Vik ]t whose rows are the corresponding vectors Vi1 , . . . , Vik (cf. [3]).
Since A(u) is unique, we may identifyM with the corresponding set of matrices {A(u) : u ∈
M}. Moreover, we define supp(A) to be the multiset consisting of all entries of A(u). For all
binomial generators u − u′ ∈ IV in the toric ideal we have supp(A(u)) = supp(A(u′)).
DEFINITION 2.1. Let A = (ai j ) be a k× r matrix with entries in [d] and ≺ω a linear order
on [d]. Then A is said to be sorted with respect to ≺ω if
a11 ≤ω a21 ≤ω · · · ≤ω ak1 ≤ω a12 ≤ω a22 ≤ω · · · ≤ω a2r ≤ω · · · ≤ω akr .
For an arbitrary matrix A, we define sortω(A) to be the unique sorted matrix of the same size
such that supp(sortω(A)) = supp(A).
In the case that ≺ω is the usual order 1 ≺ 2 ≺ · · · ≺ d we simply use ≺ to denote the order
and write sort(A) instead of sortω(A). To illustrate the sorting operator we give an example.
Let 1 ≺ 2 ≺ · · · ≺ 7 ≺ 8 be the usual linear order and
A =
[
1 2 4 8
3 6 7 8
]
,
then we have supp(A) = {1, 2, 3, 4, 6, 7, 8, 8} and
sort(A) =
[
1 3 6 8
2 4 7 8
]
.
DEFINITION 2.2. Let V = {V1, . . . , Vn} be a system of r -element subsets of the ground
set [d]. A linear order ≺ω on [d] is called a sorting order for the pair (V,≺ω) if the following
condition is satisfied:
(S) Let Vi , V j ∈ V with i ≤ j and let A =
[
Vi , V j
]t denote the corresponding matrix.
Then the row vectors of the matrix sortω(V ) are also elements of the system V .
V is called a sortable system if a linear order ≺ω on [d] exists such that ≺ω is a sorting order
for (V,≺ω).
Of particular interest in this paper are semigroup rings arising from matroids. For the con-
venience of the reader, we recall some basic notation from matroid theory. For detailed infor-
mation we refer to [9].
A matroid M on [d] = {1, . . . , d} is a pair ([d], I) where I is a pure simplicial complex on
[d] whose maximal faces, called bases of M , satisfy the basis exchange axiom: If B, B ′ are
two bases of M , then for every x ∈ B − B ′ there exists a y ∈ B ′ − B such that (B − x) ∪ y
is also a basis of M . The equal cardinality of all bases is said to be the rank of M . We write
B = {B1, . . . , Bn} for the collection of bases of M and always assume that rank(M) = r . The
faces of the complex I are called the independent sets of the matroid M . A subset A ⊂ [d]
is said to be dependent, if A is not an independent set of M . A circuit C of M is a dependent
set such that C − x is independent for all x ∈ C . We recall that every matroid M has a
rank function rk : 2[d] → R which counts, for every A ⊂ [d], the cardinality of a maximal
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independent set contained in A. A subset F ⊂ [d] is called a flat of M if it is closed under
the rank function, i.e., F = {x ∈ [d] : rk(F ∪ x) = rk(F)}. We call a flat F with rk(F) =
rank(M)− 1 a hyperplane of M and F is proper if F 6= ∅, [d]. For a flat of rank k we simply
use k-flat. Moreover, an element i ∈ [d] is said to be a loop of M , if it is not contained in
any basis of M . An isthmus of M is an element i ∈ [d] which is contained in every basis
of M . We call two non-loops i, j ∈ [d] parallel if rk({i, j}) = 1. Being parallel defines an
equivalence relation on the set of non-loops of M , the equivalence classes of this relation are
called parallel classes.
Let M be a matroid on [d] of rank r and B = {B1, . . . , Bn} its collection of bases. The
semigroup ring generated by the monomials
mi =
∏
j∈Bi
t j
where supp(mi ) = Bi is a basis of M for i = 1, . . . , n is called the basis monomial ring of
M (see [11]).
The study of basis monomial rings motivates the extension of matroid operations to minimal
systems of generators of certain homogeneous semigroup rings, generalizing the concept of
combinatorial pure subrings which was introduced by Ohsugi et al. in [7].
We always assume that V is a system of r -element subsets on [d]. In the case where V is
the collection of bases of a matroid M on [d], the following operations coincide with those
defined for matroids. We use the standard notation from matroid theory (see [9]).
Let V = {V1, . . . , Vn} be as above and i ∈ [d]. We define the deletion of i , denoted by V \ i ,
to be the following collection of subsets in {1, . . . , i − 1, i + 1, . . . , d}
V \ i =
{
{V j1 , . . . , V jk } if i /∈ V j for some j ∈ [d]
{V1 − i, . . . , Vn − i} if i ∈ V j for all j = 1, . . . , n
where in the first case {V j1 , . . . , V jk } is the collection of subsets in V such that V jl ⊂ [d] − i .
For an arbitrary set A ⊂ [d] with |A| > 1 we inductively define V \ A = (V \ (A − a)) \ a
for some element a ∈ A. In the case where there is a V j ∈ V such that V j ⊂ [d] − A the
semigroup ring RV\A is a combinatorial pure subring of RV , as defined in [7].
We call V∗ = {[d] − V1, . . . , [d] − Vn} the dual of V . If RV = K [m1, . . . ,mn] is the
associated homogeneous semigroup ring, then RV∗ is generated by n square-free monomials
m∗i of degree d − r in K [t1, . . . , td ] such that supp m∗i = [d] − Vi , i.e.,
m∗i =
t1t2 . . . td
mi
for i = 1, . . . , n. Since all monomials have the same degree d − r , RV∗ is also homogeneous.
We observe:
REMARK 2.3. The semigroup rings RV and RV∗ are isomorphic as K -algebras.
PROOF. Let RV = K [m1, . . . ,mn]. Then the map ψ : RV → RV∗ mi 7→ m∗i extends to
an isomorphism of K -algebras. 2
Let A ⊂ [d]. We define V/A = (V∗ \ A)∗ to be the contraction of V at A. We call a system
V ′ of r ′-element subsets of [d ′] a minor of the system V if V ′ can be obtained from V by a
finite sequence of contractions and deletions.
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Let M be a matroid on [d] with bases B(M). We recall that a matroid N = M+F p is called
the principal extension of M along a proper flat F if an element p exists in the ground set of
N such that N has bases
B(N ) = B(M) .∪ {(B − i) ∪ p : B ∈ B(M) and i ∈ B ∩ F}.
In the case that M is affine this operation corresponds to placing a new point generically
into the subspace spanned by the elements of F .
More specifically, if F is a flat of rank 1 containing a non-loop i ∈ [d], N is called a parallel
extension of M at the point i . We write N = M +i p. The corresponding dual operation of a
parallel extension is a series extension.
Let V = {V1, . . . , Vn} be a system as above and i ∈ [d] such that i ∈ V j for some j ∈
{1, . . . , n}. We define
V +i (d + 1) = {V1, . . . , Vn}
.∪ {V j − i ∪ (d + 1) : i ∈ V j }
to be a parallel extension of V at i . Moreover, a system of the form (V∗ +i (d + 1))∗ is called
a series extension of V at i .
Let V1,V2 be two systems of r1-subsets of [d1] resp. r2-subsets of [d2]. We identify the
subsets of [d2] with the subsets of set {d1 + 1, d1 + 2, . . . , d1 + d2}. Then the direct sum
V1 ⊕ V2 = {V1
.∪ V2 : V1 ∈ V1, V2 ∈ V2}
is a system of subsets of [d1 + d2]. We note that the associated semigroup ring RV1⊕V2 is the
Segre product RV1 ∗ RV2 of the rings RV1 and RV2 .
3. THE CLASS OF SORTABLE SYSTEMS AND THEIR SEMIGROUP RINGS
In this section we study the class S of sortable systems V . First we consider this class from
the algebraic point of view observing that the associated semigroup ring RV is Koszul. Then
we show that S is closed under the generalized matroid operations which are defined above.
For a detailed introduction to Gro¨bner bases we refer to [10].
PROPOSITION 3.1. If V is a sortable system then the toric ideal IV of the semigroup ring
RV has a square-free quadratic Gro¨bner basis. In particular, RV is Koszul.
For the proof we use a result from [10] (see also [3]). Let Ur,d be the uniform matroid of rank
r on the vertex set [d] that is, the matroid whose collection of bases B consists of all r -element
subsets of [d]. Then the corresponding basis ring RUr,d coincides with the r th square-free
Veronese subring of K [t1, . . . , td ]. We reformulate [10, Theorem 14.2 case s = (1, 1, . . . , 1)]
as follows:
THEOREM 3.2 (Sturmfels). Let SB be the polynomial ring with indeterminates indexed by
the bases of Ur,d andM be the set of monomials in SB. Then there is a term order <τ on SB
such that IUr,d has a square-free quadratic Gro¨bner basis
G = {u − u′ : u, u′ ∈M, A(u′) = sort(A(u))}.
Moreover, the standard monomials with respect to <τ (these are the monomials which do not
belong to in<τ (IUr,d )) correspond to the sorted matrices ofM.
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In addition, we need the following well-known technique (e.g., see [3]). Let N ⊂ M be two
sets of polynomials in K [t1, . . . , td ] and K [M], K [N ] be the subalgebras of K [t1, . . . , td ]
that they generate. Furthermore, let {xm : m ∈ M} be a set of indeterminates over K . For the
presentations
ϕ : K [xm : m ∈ M] → K [M] and ψ : K [xm : m ∈ N ] → K [N ]
we have ker(ψ) = ker(ϕ) ∩ K [tm : m ∈ N ]. We observe:
LEMMA 3.3. Suppose a term order<τ on K [xm : m ∈ M] exists such that the ideal ker(ϕ)
has a Gro¨bner basis G with respect to <τ , with the property:
If f ∈ G and inτ ( f ) ∈ K [xm : m ∈ N ], then f ∈ K [xm : m ∈ N ].
Then the set G ∩ K [xm : m ∈ N ] is a Gro¨bner basis of ker(ψ) with respect to <τ .
PROOF. Let g ∈ ker(ψ). Since we also have g ∈ ker(ϕ), there exists f ∈ G such that
inτ ( f ) divides inτ (g). In particular, inτ ( f ) ∈ K [xm : m ∈ N ]. By hypothesis, we get f ∈
K [xm : m ∈ N ] which concludes the proof. 2
DEFINITION 3.4. With the notation and hypothesis of Lemma 3.3, K [N ] is said to be a
consistent subalgebra of K [M].
PROOF OF PROPOSITION 3.1. Let V = {V1, . . . , Vn} be a sortable system of subsets of
[d] with |Vi | = r for all i = 1, . . . , n. We consider the semigroup ring RV as a K -subalgebra
of RUr,d . Renumbering the set [d] we may assume that 1 ≺ 2 ≺ · · · ≺ d is a sorting order for
V . By Theorem 3.2, the ideal IUr,d ⊂ SB has a square-free quadratic Gro¨bner basis G with
respect to a term order <τ such that sort(M) forms the set of standard monomials. If ≺ is
a sorting order for V , then Lemma 3.3 implies that G ∩ SV is a Gro¨bner basis for the toric
ideal IV . 2
As a direct consequence of the results above we observe:
REMARK 3.5. Let V be a sortable system. Then RV is a consistent subalgebra of RUr,d .
Moreover, the sorting property extends to arbitrary matrices A ∈ M, i.e., every row of
sortω(A) ∈M is the support of a monomial generator of RV .
We now study the class S of sortable systems with respect to the generalized matroid oper-
ations defined above.
PROPOSITION 3.6. The class S of sortable systems is closed under the following opera-
tions:
(a) duality;
(b) contraction and deletion;
(c) parallel and series extension;
(d) direct sums.
PROOF. Let V = {V1, . . . , Vn} be a sortable system of subsets of [d]. By renumbering the
ground set [d] we may assume that 1 ≺ 2 ≺ · · · ≺ d is a sorting order for V .
(a): Let V ∗i = [d] − Vi for i = 1, . . . , n. We show that 1 ≺ 2 ≺ · · · ≺ d is a sorting order
for the dual V∗ = {V ∗1 , . . . , V ∗n } verifying condition (S) of Definition 2.2. Let A =
[
Vi , V j
]t
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where Vi , V j ∈ V and i ≤ j . Since V has sorting order ≺ the row vectors c1 and c2 of the
matrix C = sort(A) are again elements of V . Thus [d] − c1 and [d] − c2 belong to V∗. We
set sort(A)∗ = [[d] − c2, [d] − c1]t and claim that sort(A)∗ = sort([V ∗j , V ∗i ]t ) which yields
condition (S) for V∗.
By definition we have supp(sort(A)) = Vi ∪ V j and thus supp(sort(A)∗) = V ∗i ∪ V ∗j . Since
sort(A) is sorted we observe that sort(A)∗ is also sorted which concludes the proof.
(b): Sortability is trivially preserved under deletion. By (a), the same holds for contraction.
(c): Let i ∈ [d] be an element such that i ∈ V j for some j ∈ {1, . . . , n}. Let V ′ =
V +i (d + 1) denote a parallel extension at i . We extend the old ordering of the ground set [d]
to an ordering of the ground set [d + 1] in such a way that d + 1 occurs between the elements
previously labeled i and i + 1 and show that 1 ≺ 2 ≺ · · · ≺ i ≺ d + 1 ≺ i + 1 ≺ · · · ≺ d is a
sorting order for V ′.
Let V ′i , V ′j ∈ V ′ with i ≤ j be two vectors of V ′ and A′ =
[
V ′i , V ′j
]t be the corresponding
matrix. We replace each entry d+1 by i . By definition of V ′ we obtain a matrix A whose row
vectors belong to V . Since≺ is a sorting order for V , the rows of sort(A) are again elements of
V . Without losing the sorting property we can replace the corresponding number of i-entries
by d + 1, this gives us sort≺(A′). The row vectors belong to V ′ which yields condition (S) for
V ′. Since parallel and series extension are dual operations, (a) implies the assertion for series
extensions.
(d): Let V = V1⊕ V2 where V1,V2 are sortable systems on [d1] resp. [d2]. We may assume
that 1 ≺ 2 ≺ · · · ≺ di is a sorting order for Vi . We extend the given linear orders to a
linear order ≺ω on [d1 + d2] in a way that i ≺ω j for all i, j , where i is an element of the
ground set of [d1] and j an element of the ground set of [d2]. By the chosen order, we observe
immediately that (S) is satisfied for V . 2
EXAMPLE 3.7. In [3] the following semigroup rings are considered. LetMr be the set of
monomials of degree r in K [t1, . . . , td ]. For a monomial v ∈Mr , let B(v) denote the smallest
strongly Borel stable subset ofM which contains v. We write Bs f (v) = {m1, . . . ,mn} for the
set of square-free monomials in B(v). Suppose that V = {V1, . . . , Vn} where Vi = supp(mi )
for i = 1, . . . , n. De Negri has shown in [3] that V belongs to the class S. All semigroup rings
which can be obtained by the operations in Proposition 3.6 have sortable generators and thus
a quadratic Gro¨bner basis.
4. BASE-SORTABLE MATROIDS OF RANK ≤ 3
In this section we study the class of matroids M for which the collection of bases is a
sortable system. We give necessary and sufficient conditions for a matroid to belong to this
class and classify all base-sortable rank 3 matroids by excluded minors.
An ordered matroid (M, ω) consists of a matroid M and a linear order ≺ω on the ground
set [d]. As in Section 2 we denote the usual linear order 1 ≺ 2 ≺ · · · ≺ d by ≺. Let B =
{B1, . . . , Bn} be the collection of bases of a matroid M . In the following we always identify a
basis Bi = {b1, . . . , br } with the ordered tuple Bi = (b1, . . . , br ) where b1 < b2 < · · · < br .
Moreover, we may always assume that B1 >lex B2 >lex · · · >lex Bn where >lex denotes the
lexicographic order in Nr .
DEFINITION 4.1. Let (M, ω) be an ordered matroid on [d] with bases B. The linear order
≺ω is called a base-sorting order for M if ≺ω is a sorting order for B. We call an arbitrary
matroid M base-sortable if there is a linear order ≺ω of the ground set [d] of M which is a
sorting order for B.
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Proposition 3.1 implies that, for a base-sortable matroid M , the basis monomial ring RM is
Koszul. By Proposition 3.6, we have:
COROLLARY 4.2. Let BS be the collection of all base-sortable matroids. Then BS is
closed under taking minors, parallel and series extension and direct sum of matroids. In par-
ticular, BS forms a hereditary class.
The following corollary is a direct consequence of 4.2.
COROLLARY 4.3. A matroid M is base-sortable if and only if the underlying simple ma-
troid M has this property. In particular, every matroid of rank 2 is base-sortable.
PROOF. The first assertion is clear since loops do not effect base-sortability, and parallel
elements can be created and deleted by Proposition 4.2. Every matroid of rank 2 is a parallel
extension of a uniform matroid which is base-sortable by Theorem 3.2. 2
The class of rank 2 matroids coincides with the class of complete multipartite graphs. There-
fore Corollary 4.3 was first observed by Hibi and Ohsugi in [8, Theorem 1.1 and Corol-
lary 1.3].
For the next statement we need some notation. Let M be a matroid on [d] and let Cd be the
regular d-gon in the plane whose vertices are labeled clockwise from 1 to d . A set F is said
to be consecutive modulo d if the elements of F label a consecutive set of vertices of Cd .
The class BS is closed under certain principal extensions along flats of rank 2.
PROPOSITION 4.4. Let (M,≺) be base-sortable and F be a proper independent flat of
rank 2 which is consecutive modulo d. Then the principal extension N = M +F (d + 1) is
base-sortable.
PROOF. Using Propostion 4.6 we may assume that F = {1, 2}. Then a similar argument as
in the proof of Proposition 3.6(c) shows that 1 ≺ d + 1 ≺ 2 ≺ 3 ≺ · · · ≺ d is a sorting-order
for N . 2
In the following we study necessary and sufficient conditions for base-sortability. We note
that loops and isthmes do not affect base-sortability.
PROPOSITION 4.5. Let (M,≺) be an ordered matroid of rank r without loops and isthmes.
If all proper dependent flats of M are consecutive modulo d, then ≺ is a base-sorting order
for M.
For the proof we use the following lemma.
LEMMA 4.6. Let (M,≺) be an ordered matroid and σ = (1 . . . d) denote the d-cycle in
the symmetric group on d letters. For a vector V = (i1, i2, . . . , ir ) with i1 ≺ i2 ≺ · · · ≺ ir we
set σV = (σ (i j1), . . . , σ (i jr )), where σ(i j1) ≺ · · · ≺ σ(i jr ).
(a) Suppose Bi , B j with i ≤ j are two bases of M and C = sort([Bi , B j ]t ) the corre-
sponding sorted matrix with rows c1 and c2. Then the matrix [σc1, σc2] has the same
set of rows as the matrix sort([σ Bi , σ B j ]t ). In particular, if (M,≺) is base-sortable,
then so is (σM,≺).
(b) The reversed order 1  2  · · ·  d is also a base-sorting order for M.
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PROOF. (a) Let M be of rank r . Since C is sorted we have c1r  c2r . If both of these
entries are either strictly less than d or both are equal to d then
[
σc1, σc2
]t is sorted, otherwise[
σc2, σc1
]t is sorted. Both matrices have support σ Bi ∪ σ B j .
(b) We get the sorted matrices of A with respect to 1  2  · · ·  d by reversing the order
of the entries in sort(A). 2
PROOF OF PROPOSITION 4.5. Suppose that all proper dependent flats are consecutive mod-
ulo d. Assume that M is not base-sortable with respect to ≺. Then there are bases Bi , B j ∈ B
with i < j such that at least one of the rows of C = sort [Bi , B j ]t is not a basis of M . This
row is contained in some proper dependent flat F with rk(F) ≤ r − 1. F is consecutive mod-
ulo d and, by Lemma 4.6, we may assume the following situation: 1 ∈ F , d /∈ F and c1 ⊂ F .
We have c11 ∈ Bi because Bi >lex B j by our general assumption. Since F is consecutive
modulo d we get B j ⊂ F , if c2r ∈ Bi , and Bi ⊂ F otherwise. This is a contradiction because
both Bi and B j are bases of M . 2
EXAMPLE 4.7. We consider the rank r whirlWr . This matroid has the edges of the r -spoked
wheelWr as ground set.
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The collection of bases of Wr consists of the rim and all edge sets which form spanning
trees inWr . To be precise,Wr is the unique relaxation of the graphic matroid M(Wr ), i.e.,
we obtain Wr from M(Wr ) by removing the circuit-hyperplane which consists of all edges
of the rim (see [9, p. 293] for more details). We label the edges ofWr as shown in the figure.
Then all proper dependent flats of Wr are consecutive modulo d . Thus, by Proposition 4.5,
the matroidWr is base-sortable.
We give a necessary condition for the property of base-sortability.
PROPOSITION 4.8. Let M be a matroid without loops and isthmes. If ≺ is a base-sorting
order for M, then all circuit-hyperplanes of M are consecutive modulo d and the same holds
for all minors of M which have no loops and isthmes.
PROOF. We argue by contradiction. Since BS is closed under taking minors, we may as-
sume that M has a circuit-hyperplane C which is not consecutive modulo d. Let rank(M) = r .
Applying Lemma 4.6(a) we may assume that 1 ∈ C and d /∈ C . Since C is not consecutive
modulo d there is a j ≺ d such that {1, . . . , j − 1} ⊂ C and j /∈ C . Moreover, we have
|C | ≥ r because C is dependent. We define the matrix
A =
[
1 2 . . . j − 2 j − 1 j i1 . . . ir− j
1 2 . . . j − 2 i1 i2 . . . ir− j−1 d
]
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where j ≺ i1, . . . , ir− j ≺ d and {i1, i2, . . . , ir− j } ⊂ F . Since C is a circuit-hyperplane, the
rows of A are bases of M . We get
sort(A) =
[
1 2 . . . j − 2 j − 1 i1 . . . ir− j−1 ir− j
1 2 . . . j − 2 j i1 . . . ir− j−1 d
]
.
But the first row of sort(A) is contained in F , thus it is not a basis of M , which is a contradic-
tion. 2
We believe that Proposition 4.8 also gives a sufficient condition for base-sortability. That is
CONJECTURE 4.9. Let (M,≺) be an ordered matroid without loops and isthmes. Then ≺
is a sorting order for M if and only if all circuit-hyperplanes of M are consecutive modulo d
and the same holds for all minors of M, which have no loops and isthmes, with respect to the
restricted order.
We know that Conjecture 4.9 is true for matroids of rank 2 or 3 by the following Proposi-
tion 4.10, and can prove it for rank 4 matroids in a brute force case by case computation.
In the specific case of rank 3 matroids, the sufficient condition in Proposition 4.5 is also
necessary. We have
PROPOSITION 4.10. Let≺ be the usual linear order on [d] and (M,≺) an ordered matroid
of rank 2 or 3. Suppose M has no loops and isthmes. Then the following are equivalent:
(a) ≺ is a base-sorting order for M.
(b) All proper dependent flats are consecutive modulo d.
(c) The circuit-hyperplanes of M are consecutive modulo d and the same holds for all
minors of M in the restricted order.
For the proof we recall that every matroid M of small rank has a geometric or affine represen-
tation, as we describe here (see [9] for more details). Let r = rank(M) and r ≤ 3. We draw
a picture in affine (r − 1)-space, where the ground set of M is represented as a set of points.
A set of points is joined by a possibly curved line if the corresponding subset in the ground
set is dependent. Affinely independent sets of points which are not explicitly joined by a line
correspond to independent sets of M . Parallel classes are visualized by multiple points.
PROOF OF PROPOSITION 4.10. We know already by Proposition 4.5 that (b) implies (a)
and by Proposition 4.8 that (a) implies (c). It remains to show the following: If M has a
proper dependent flat F which is not consecutive modulo d, then M or a minor of M has
a non-consecutive circuit-hyperplane. Applying σ as in Lemma 4.6, we may assume that
{1, 3} ⊂ F and 2 /∈ F .
We first consider the case that rank(M) = 2. Then rk(F) = 1. By a suitable deletion, we
get one of the following minors on {1, 2, 3, 4} which both have a non-consecutive circuit-
hyperplane:
.................................... ........................................................................•• •• •• • •
13 24 13 2 4
N1 N2
This is a contradiction.
Now let rank(M) = 3. We have two cases: rk(F) = 1 and rk(F) = 2. We consider the case
rk(F) = 1 first. By a suitable deletion we get one the following minors with the vertex set
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{1, 2, 3, 4, 5}:
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Deleting vertices a and b of N we get N2. If we contract at a in N ′ resp. N ′′, then we obtain
N1 resp. N2.
Now let rk(F) = 2. We may assume that all dependent 1-flats of M are consecutive modulo
d in the restricted order. Then by a suitable deletion we get one of the following matroids on
{1, 2, 3, 4, 5}:
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In both cases there is a non-consecutive circuit-hyperplane, a contradiction. 2
We can now use this to characterize all base-sortable matroids of rank 3.
THEOREM 4.11. Let M be a matroid on [d] of rank 3. Then M is base-sortable if and only
if the underlying simple matroid M has a geometric realization which either consists of a
k-gon, k ≥ 3, whose lines are formed by the dependent 2-flats of M, or a collection of paths,
which consist of the dependent 2-flats of M, and generic points.
We reformulate Theorem 4.11 in terms of excluded deletions.
COROLLARY 4.12. Let M be a matroid on [d] of rank 3. Then M is base-sortable if and
only if M has no deletion N with geometric representation:
(a) A k-gon, k ≥ 3, whose edges are rank 2 circuits, and an additional generic point, i.e.,
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(b) One of the following:
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where M(K4) is the graphic matroid defined by K4, the complete graph on 4 vertices.
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PROOF OF THEOREM 4.11 AND COROLLARY 4.12. If M has an isthmus, then M is iso-
morphic to a matroid of lower rank. Thus, by Corollary 4.3 we may assume that M has no
isthmes, and additionally, that M is a simple matroid. Applying Proposition 4.10, 1 ≺ 2 ≺
· · · ≺ d is a base-sorting order for (M,≺) if and only if all proper dependent 2-flats are
consecutive modulo d .
It is tedious, but straightforward to check that, for any labeling of the ground set [d], the
matroids in (a) and (b) do not satisfy this condition. Thus, they are excluded deletions for
base-sortability.
Conversely, if M has no deletion listed in (a) and (b), then one can check out that M has a
geometric representation which consists either of a k-gon, k ≥ 3, whose lines are formed by
proper dependent 2-flats, or a collection of paths consisting of proper dependent 2-flats and
generic points. In both cases, we can label the vertex set such that all proper dependent 2-flats
are consecutive modulo [d].
The preceding result implies:
REMARK 4.13. The hereditary class BS has infinitely many excluded minors.
Proposition 4.10 is not true for matroids of higher rank. Take for example the following
matroid M = (W3 ⊕ {1}) +{1,3} 2 which has base-sorting order 1 ≺ 2 ≺ · · · ≺ 7 ≺
8 by Example 4.7, Proposition 4.2 and Proposition 4.4. However, the flat {1, 5, 6, 7} is not
consecutive modulo d .
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M
5. CLASSES OF BASE-SORTABLE MATROIDS
In this section we characterize the class of graphic base-sortable matroids and show that
transversal matroids with certain presentations are base-sortable.
Recall that a matroid M on [d] is called graphic if [d] is the set of edges of a graph G and
the circuits of M are the cycles of G. Equivalently, the bases of M correspond to the spanning
forests in G (see [9]). A graphic matroid M(G) is called a series-parallel network if the graph
G can be obtained from either of the two connected single-edge graphs by a sequence of
operations each of which is either a series or a parallel extension (see [9]). Let G be a graph.
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A subgraph H of G is said to be homeomorphic from G if H can be obtained from G by
removing vertices of degree 2. Compared to the general case, it turns out that, for graphic
matroids, base-sortability is much easier to characterize. We have the following classification:
THEOREM 5.1. Let M be a matroid on [d] of rank r and K4 the complete graph on 4
vertices. Then the following conditions are equivalent:
(a) M is base-sortable and M = M(G) is graphic for some graph G.
(b) M has no minor isomorphic to M(K4) or to U2,4.
(c) M is a direct sum of series-parallel networks.
(d) M = M(G) is graphic and G has no subgraph homeomorphic from K4.
PROOF. The equivalence of (b), (c) and (d) is stated in [9, Theorem 13.4.9, p. 459]. By
Corollary 4.2 we get that any direct sum of series-parallel networks is base-sortable, that
is (c) implies (a). Let us assume (a). Since M is graphic, M has no minor isomorphic to U2,4.
Moreover, by Theorem 4.12, M(K4) is one of the excluded minors for BS. This yields (b). 2
We now study a further class of matroids. Therefore we recall some notation from matroid
theory. Let A = (A1, . . . , Ar ) be a finite sequence of non-empty subsets Ai ⊂ [d]. Note
that the members of the family A need not be distinct. A transversal or system of distinct
representatives of (A1, . . . , Ar ) is a subset {i1, . . . , ir } ⊂ [d] such that i j ∈ A j for all j =
1, . . . , r and i j 6= ik for all j 6= k. The transversals of A form the collection of bases of a
matroid denoted by M[A]. We call A a presentation of M[A]. A matroid M on [d] is called
transversal if there is a family A = (A1, . . . , Ar ) of subsets of [d] such that M = M[A]. We
note that the class of transversal matroids is not closed under contraction. The smallest class
of matroids containing all minors of transversal matroids is the class of gammoids (see [9]).
Let Cd be the regular d-gon in the plane whose vertices are labeled clockwise from 1 to d.
We recall that a set A ⊂ [d] is said to be consecutive modulo d if the elements of A label a
consecutive set of vertices of Cd .
THEOREM 5.2. Let A = (A1, . . . , Ar ) be a family of subsets of [d]. If all sets Ai are
consecutive modulo d, then the matroid M[A] is base-sortable.
Under the assumptions of Theorem 5.2 we can show that 1 ≺ 2 ≺ · · · ≺ d is a base-sorting
order for M[A]. Since this is a tedious working we omit the proof here.
We cannot generalize Theorem 5.2 to arbitrary transversal matroids. Take, for example, the
family A = ({1, 2, 6}, {2, 3, 4}, {4, 5, 6}, {2, 5, 7}). The matroid M[A] is not base-sortable
because, by Corollary 4.12, its dual M[A]∗ is one of the minimal excluded rank-3 minors for
base-sortable matroids:
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The result above cannot be generalized to truncations of transversal matroids. For a matroid M
on [d] with bases B the principal truncation of M is defined as the matroid T (M) with bases
{B − i : B ∈ B, i ∈ B}. Take the presentation A = ({2, 3}, {1, 2, 3, 4}, {5, 6}, {7, 8, 9, 10},
{8, 9}) of consecutive subsets of {1, 2, . . . , 10}. By Theorem 5.2, the matroid M[A] has the
base-sorting order 1 ≺ 2 ≺ · · · ≺ 10. This is not true for the T (M[A]) because the matrix[
1 3 5 7
4 6 8 10
]
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whose rows are bases of T (M[A]) does not satisfy the sorting condition with respect to 1 ≺
2 ≺ · · · ≺ d . This example also shows that the class BS of base-sortable matroids is not
naturally closed under principal truncation. Moreover, if the sets Ai in Theorem 5.2 are not
all consecutive modulo d, then 1 ≺ 2 ≺ · · · ≺ d can fail to be a base-sorting order for M[A].
Take, for example, the sets A1 = {1, 2, 3, 4} and A2 = {2, 4}. The matrix
[
1 2
3 4
]
is not
sortable with respect to 1 ≺ 2 ≺ 3 ≺ 4. We can interpret the corresponding rank 2 matroid
M[A] as a matroid union of the two rank 1 matroids M1 and M2 whose bases are the 1-element
subsets of A1 and A2. These two matroids have the base-sorting order 1 ≺ 2 ≺ 3 ≺ 4, but
not the union M[A]. Thus the class of base-sortable matroids is not naturally closed under
matroid union.
Theorem 5.2 generalizes the result in Example 3.7. Let v = ti1 ti2 . . . tir with i1 < i2 < · · · <
ir be a square-free monomial in K [t1, . . . , td ]. We set A j = {1, . . . , i j } for j = 1, . . . , r and
A = (A1, . . . , Ar ). Then the basis monomial ring RM[A] is generated by the monomials in
Bs f (v). By Theorem 5.2, M[A] is base-sortable.
6. CONCLUDING REMARKS
The observations in the preceding sections motivate the study of generalized matroid opera-
tions for other classes of semigroup rings. Let R be a homogeneous semigroup ring generated
by square-free monomials of the same degree and I its toric ideal. We introduce some nota-
tion.
Let QG be the collection of all homogeneous semigroup rings such that I has a quadratic
Gro¨bner basis for some term order, K, the collection of Koszul semigroup rings, and, Q, the
collection of those for which I is generated by quadrics. The inclusions QG ⊂ K ⊂ Q are
known in general.
Herzog et al. [7, Section 1] have observed that the classes QG, K and Q are closed under
deletion. We have
PROPOSITION 6.1. The classes QG, K and Q are closed under taking minors. K and Q
are also closed under Segre products.
PROOF. Remark 2.3 implies immediately that the classes QG, K and Q are closed un-
der taking minors. Koszulness is preserved under Segre products for arbitrary homogeneous
K -algebras (see [1]). A straightforward computation shows that the same holds for the
class Q. 2
Finally, we give a survey on the preceding results:
S
closed under
deletion
contraction
duality
Segre product
⊂
QG
closed under
deletion
contraction
duality
⊂
K
closed under
deletion
contraction
duality
Segre product
⊂
Q
closed under
deletion
contraction
duality
Segre product
The class of basis rings of matroids which belong to Q bas been considered by N. White
in [12]. He has shown that this class is also closed under taking minors and direct sums.
By Theorem 4.12, M(K4) is the smallest matroid which is not base-sortable. Naturally the
question arises of whether there is some term order such that IM(K4) has a quadratic Gro¨bner
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basis. We used the program TiGERS (see [6]) to try to compute all possible initial ideals
of IM(K4). So far, TiGERS has computed more than 434 500 initial ideals of which none is
quadratic. Since we expect that there are a huge number of possible Gro¨bner bases for IM(K4)
this is only an indication that IM(K4) might not have a quadratic Gro¨bner basis. Nevertheless a
computation with MACAULAY2 (see [5]) shows that RM(K4) has a Koszul filtration (see [2])
which implies that this ring is Koszul.
In [12, Conjecture 12] N. White conjectures in terms of exchange properties for bases that,
for every matroid M , the toric ideal IM is generated by quadrics. One can ask the following
question, which is even stronger: Let M be an arbitrary matroid. Is the basis monomial ring
RM Koszul?
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